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Plato on the left, Aristotle on the right, from Raphael’s 

painting “The School of Athens.”



René Descartes:  If we start with self-evident 

truths and then proceed by logically deducing 

more and more complex truths from these, 

“there cannot be any propositions so 

abstruse that we cannot prove them, or so 

hidden that we cannot discover them.”

Discourse on Method, 1637.



Benedict Spinoza (1632 – 1677)



From Newton’s Principia (1687)



We hold these truths to be self-evident,

that all men are created equal…

That whenever any Form of Government becomes 

destructive of these ends, it is the Right of the 

People … to institute new Government… 

The history of the present King of Great Britain … 

repeated injuries and usurpations, all having in direct 

object the establishment of an absolute Tyranny …

To prove this, let facts be submitted to a candid world.

…

We, therefore, the Representatives of the United 

States of America…solemnly publish and declare, that 

these United Colonies are, and of Right ought to be 

Free and Independent States.



Euclid’s 5 postulates

1.  A straight line can be drawn from any point to any 

other point.

2.A finite straight line can be extended as long as you 

want.

3.A circle can be constructed with any point as its center and 

with any length as its radius.

4.All right angles are equal to one another.

5. (The so-called “parallel postulate”)

If a straight line that falls on two straight lines 

makes the interior angles on the same side add up 

to less than two right angles, then the two straight 

lines, if produced indefinitely, meet on that side.



Euclid’s Fifth Postulate says:  If angle A plus 

angle B add to less than 2 right angles,

then the green lines must meet!

A

B



Some medieval Islamic and Jewish mathematicians 

who worked on Euclid’s parallel postulate:  

Ibn al-Haytham (965-1039) 

Omar al-Khayyam (1048-1131)

Nasir al-Din al-Tusi (1201-1274)

Levi ben Gerson (1288-1344)



Some European mathematicians of the 17th and 

18th centuries who worked on trying to prove the 

Fifth Postulate (plus al-Tusi, whose work Wallis 

& Saccheri knew):

John Wallis, Girolamo Saccheri, Johann 

Heinrich Lambert, Adrien-Marie Legendre, 

Joseph-Louis Lagrange 



There is only one parallel to the bottom line 

through the point P.

P



If two parallel lines are cut by a 3d line, the 

alternate interior, and the corresponding, angles 

are equal  (Elements, Book I, Prop. 29)



The Principle of Sufficient Reason

• For everything that is, there’s 

a reason why happens as it 

does and not otherwise. 



Lever, with equal weights at equal 

distances from the fulcrum, must 

balance, says Archimedes.  Why?



Lever, with equal weights at equal 

distances from the fulcrum, must 

balance, says Archimedes.  Why?

Well, why not?  (The principle of 

sufficient reason!)



Giordano Bruno (1548 – 1600)



Gottfried Wilhelm Leibniz 

(1646 – 1716)



Newton’s First Law:  Every body perseveres in 

its state of being at rest or of 

moving in a straight line at a constant 

speed, unless a force acts upon it.



Joseph-Louis Lagrange (1736-1813)  

Europeans honor their scientists on stamps 

(plus you get his dates for free)



Given a line and an outside point P, there is only one 

line through point P that is parallel to the original line.   

(That’s the postulate found in 

most high-school textbooks.  

It is logically equivalent to Euclid’s Postulate 5)
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Lagrange’s diagram (1806)



P



From Newton’s Principia: 

A body acted on by two forces conjoined will describe 

the diagonal of a parallelogram in the same time that it 

would describe the sides if acted on by those forces 

separately.



Leonhard Euler (1707 – 1783)



Immanuel Kant (1724 – 1804)



Given triangle ABC.  Let’s prove angles 

A+B+C = two right angles (from Euclid’s 

Elements, Book I, Theorem 32).



Extend the line BC to D, and 

construct CE parallel to AB



Since AB is parallel to EC, 

< A = <ACE  (alternate interior angles)

< B = <ECD (corresponding angles)

<ACB = <ACB (everyone knows THAT).

Add these equations up!

Right-hand side, the 3 angles around C, add up to 

two right angles because they’re on a straight line.

Therefore the 3 angles of the triangle do so as well.



Extend the line BC to D, and 

construct CE parallel to AB



Since AB is parallel to EC, previous theorem 

implies:  

< A = <ACE  (alternate interior angles equal)

< B = <ECD (corresponding angles equal)

<ACB = <ACB (everyone knows THAT).

Add these equations up!

Right-hand side, the 3 angles around C, add up to two right angles 

because they’re on a straight line.

Therefore the 3 angles of the triangle do so as well.



Voltaire (1694 – 1778)



Masaccio, “The Trinity” (1428)

Giorgio Vasari said in 1550 of this

pioneering painting, “It looks 

as though the wall is pierced.”

Photographs do this for us;

Renaissance artists needed 

sophisticated geometry.



The Bayeux Tapestry (11th century)



Nicholas of Verdun, “The Crossing of the Red 

Sea” (c. 1181)



Piero della  Francesco or Luciano Laurana, 

“The Ideal City,” c. 1470



Euclid, Optics, Proposition VI:

Parallel lines seen from a distance appear to be 

an unequal distance apart



“I’ll tell you EXACTLY how far apart.”

Euclid, Book VI, Theorem 2:

If a straight line is drawn parallel to one of the 

sides of a triangle, then it cuts the other two sides 

of the triangle proportionally



Alberti Construction (after Leon Battista Alberti, 15th century)

Parallel horizontal lines perpendicular to 
the plane of the picture are drawn to 
meet at a point V, the principal 
vanishing point.



Parallel horizontal lines perpendicular to the 
plane of the picture are 

drawn to meet at a point V, the principal 
vanishing point



Piero della Francesca, “Flagellation of Christ”
15th century



Leonardo da Vinci, “The Last Supper” (c. 1498)



Albrecht Dürer

How to draw a lute in perspective (1525)



Erhard Schön (1490-1542) “Placing models on 

a perspective grid”



Count Johann von Simmern (1492-1557) 

Heights of People



Raphael, The School of Athens, 1509-

1510



The three independent discoverers of 

Non-Euclidean Geometry

Carl Friedrich Gauss (1777 - 1855)

János Bolyai (1802 – 1860)

Nikolai Ivanovich Lobachevsky (1792 – 1856)



Non-Euclidean Surface: The  “shortest distances” red & yellow never meet

the blue, which means both are parallel to the blue. 

Yellow and blue are parallel to one another (never meet) 

but are not equally distant from one another. 

Both red and yellow, although parallel to the same blue line, nevertheless

pass through the same point.



Georg Bernhard Riemann 

(1826 – 1866)
He brought non-Euclidean geometry into 

the mainstream of mathematics through 

his theory of more generalized spaces, 

which he called “manifolds.”



Hermann von Helmholtz, 1821 – 1894 



M. C. Escher, “Hand with Reflecting Sphere”



“What Copernicus was to Ptolemy, so 

Lobachevsky was to Euclid.” 

-- W. K. Clifford (1845 – 1879)



Henri Poincaré, 1854 –1912



Einstein, general 

relativity, curved

space



Corner of a room



José Ortega y Gasset  (1883 – 1955):
Euclidean geometry is an unwarranted extrapolation of what was 

locally observed to the whole universe.  Einstein’s relativity, which 

requires new geometries of space-time, promotes the harmonious 

multiplicity of all possible points of view.



Zaha Hadid, “The Ideal House” (2007)



Buildings designed by Zaha Hadid

:

“A non-Euclidean 

geometry

in which nothing repeats itself,

a new order of space.” 



Jean Metzinger, “Tea Time” (Le Gouter) 1911



Juan Gris, “The Guitar” (1918)



Pablo Picasso, “Portrait of Ambroise Vollard”



Plaster models of non-Euclidean 

surfaces, about 1900.



Antoine Pevsner, “Model for ‘World’ ”



Naum Gabo, “Linear Construction #4” (1959)



Man Ray, “Lampshade”



Max Ernst, “Young Man Intrigued by the Flight 

of a Non-Euclidean Fly” (1942-7)



Wichita, Kansas: Gas Station, 1958



Olympic Velodrome
Hopkins Architects, London, 2012





Jan van Eyck, The Arnolfini Wedding, 1434



Detail from Arnolfini Wedding



J. M. W. Turner (1775-1851)

Numbered Perspective Diagrams

A globe in perspective, spheres at different 

distances from the eye, and reflections in metal   

globes 



M. C. Escher, “Hand with Reflecting Sphere”


